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Abstract 

The Cauchy problem for a coupled Schrodinger and Benjamin-Ono sys- 
tem is shown to be globally well-posed for a class of data without finite 
energy. The proof uses the I-method introduced by CoUiander, Keel, Staffi- 
lani, Takaoka, and Tao. 



Introduction 

Consider the fohowing weakly coupled dispersive system 

idtu + d'iu = auv (1) 



with Cauchy data 



dtv + ud^\d:,\v = (3dM) (2) 



u(a;,0) = uq{x) , v{x,0) = vo{x) (3) 



where x, i € R , a, /3, G R. 

This system was introduced by Funakoshi and Oikawa JU] to model the in- 
teraction of two fluids described by a short wave term u : R x R — > C , which 
fulfills a Schrodinger type equation and a long wave term ?; : R x R ^ R , which 
fulfills a Benjamin - Ono type equation. Bekiranov, Ogawa and Ponce 1^ showed 
local well-posedness for data uq € H^CR) , vq G H^~2(Yi) and 7^ 1 , s > 0. 
Because the system satisfies three conservation laws (cf. (|13j) - (|15|) below) it is 
not difficult to see that this solution exists globally if > and ^ < in the 
case s > 1 (finite energy solutions). 

In this paper we first show local well-posedness also in the case \u\ = 1, if 
s > . Then we use the Fourier restriction norm method and especially the 
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so-called I-method to show global well-posedness for data with infinite energy 
(and 1/ > , ^ < 0), we assume only s > |. This method was introduced 
by Colliander, Keel, Staffilani, Takaoka, and Tao and successfully applied in 
various situations ( |21 , , IH , , El , , il , El , [H] , CSl , [13 ) , in most of the cases 
using a scaling invariance of the problem. Such an invariance is also very helpful 
in our case. One introduces for given < s < 1 and >> 1 the Fourier 
multiplier iNfiO ■= i^NiO fiO^ where is a smooth, radially symmetric and 
nonincreasing function of |^| and 

f 1 ICl < 

m{0 ■■= rriNiO ■= | |^j > 2N 

Then I = Ij\f is a smoothing operator which maps //*(R) to H^{R) in the sense 
that 

and similarly 

Ibll , 1 < c||Ii;|| 1 < cA^^"*||v|| , 1. 

II — II Ujj^ — II Ujjs-^ 

One then considers the conserved functionals L and E (cf. (|14jl and (|15|) below) 
replacing u and v by I^u and Inv, so that they make sense for u € , v € 
H^~^, whereas they originally are only defined for u € , v G . These 
modified functionals are then shown to be almost conserved in the sense that their 
increment on a local existence interval is bounded by cN~^ . One can show that 
this is enough to make the continuation process by reapplying the local existence 
theorem uniform, provided s is close enough to 1, namely s > | . 
We use the following norms (for s € R , —1 < b < 1): 

ll^llx-^ := |Kr + a^(0^n(C,r)b2(R2) 

:= |Kr + z.Cle|)'(0'^^(e,r)||L2(R2) 
belonging to the Schrodinger and Benjamin - Ono equation, respectively. We also 
need the local in time norm := ini^^^^g^^j IIV'llx"''' ^^d similarly ||?;||^i,,6 . 

The standard facts about the Fourier restriction norm method which we use 
without further comments can be found in 1 , Chapter 2. The Strichartz esti- 
mates for the homogeneous Schrodinger and Benjamin - Ono equation read 

||e**^'no|L6 < c||uo||l2 

xt ^ 

and 

(cf. ^1] and U), which immediately imply ||ti|[j;^p^ < c||n||jS(^o,b and ||f < 
c||f ||yo,6 for 2 < p < 6 and 6 > ^. We also use the following bilinear Strichartz 
type estimate for the Schrodinger equation 

\\Dl/'^{uim)\\L2^<c\\ui\\xo,b\\u2\\x<-hb , b>^ (4) 

(for a proof cf. e.g. pi. Lemma 3.2). 

We denote by a+ and a— a number slightly larger and smaller than a , 
respectively. 
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1 Local existence 

Proposition 1.1 For \v\ = I we have 

WuvWx"''^ < c||li||xs,'> \\v\ 



z/-i<a<0<i<6 and s > 1 - 2\a\ \a\ > ^ ) (especially s > Oj. 

Proof: (along the lines of 0], Lemma 3.4) 

Assume first v = \. We have to prove the following estimate 



ivY'k^ - V)'{r + ^2)H(f7 + iyr,\r]\)b{T - a + - 
<49\\LA\f\\LAmL^ (5) 

We split {T,a,^,r]) e into several regions: 
A = {\v\<l} 

B = {77 <0, le|>^|»?|, |r?|>l} 

c = {77 <o, |ei<^l^l, I^I>1} 

D = {r]>0,\C-7]\< ^\r]\, \7]\ > 1} 
E = {rj>0,\^-r]\> ^|r/|, \rj\ > 1} 

Now in E we have 

\iyT]\r]\ +rf - 2e,ri\ = 2\ri^ - ^r/| = 2|t?||77 - C| > 1??^ 

and thus 

\T + i^\ + \a + vr]\r]\\ + \t - a + - vif\ > |i^7?|r?| + t?^ - 2^??| > |r/p . 
According to which of the terms on the l.h.s. is dominant we split E into 3 parts: 



El = En{\T + S,'^\>\a + iyr]\r]\\,\T-a + {C-vf\ ,\t + ^'^\> 



1, 



E2 = ^n{|a + z.7?|r/|| > |T + r|,|r-f7+(e-r?)'| , |(7 + i/r/|7?[| > -|r/|^} 

E3 = En{\T-a + {^-ijf\>\T + f\, \a + ur,\ri\\ , \t - a + - rif\ > 

Define Ri = AU B U D Li Ei , R2 = C U E2 , R3 = E^i . In order to prove © in 
the region Ri it is sufiicient to show 



{r])XRi dcrdr] 



2\2b 



< 00 



L?°(L°°) 



(6) 
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Similarly, in order to prove © in R2 we have to show 



iv) 



{r))^{a + ur]\r]\)'' 



2b 



< 00 



Finally, in order to prove © in we use the transformed region 



(7) 



i?3 



{(p,a,C,r?)GR^:|r?|>l,|p-C'|>-H2}, 



where p := a — t , C '■= V ~ C We have to show 

iv - O^^X^ dadr] 
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(r?)2^-i(c7 + ur]\r]\)'^^{a - p + {v - (f)'^^"^ 



< 00 . 



(8) 

We start to prove ©• In the regions A,B and D we use the estimate < 
(??) — 7]) so that it suffices to show 



(77) dadr] 



{a + iyr]\ri\)^'>{T-a+{^-riy) 



2\2b 



< 00 . 



Performing the u-integration we get by Q], Lemma 2.5 (2.11): 



(r/) dadr] 



{a + iyr]\r]\yi'{T-a+{C-r])^)^^ 



< c 



{r])dr] 



(t + ^2 + i'r]\r]\ + — 2^r/) 



2b 



This is trivially bounded in the region A, whereas in region B we substitute 
r + + ur]\r]\ +rj^ — 2^r] = t + ^'^ - 
bound using !C| > \\r]\ and |r/| > 1: 



r + + vr]\r]\ +ri'^ — 2^r] = r + .^^ — 2^r/ =: 77', so that ^ = —2^, and we get the 



< c 



drj' 
(TP 



< CXD 



for b> ^. 

In the region D we have t + ^'^ + i^^lvl + ff — ^^V = t + + 2r/^ — 2^r] =: r/', 
so that 1^1 = |4r/ - 2^1 = |2(27? - 0\ = 2|r/ + (7? - 01 > 2(|77| - |r/ - ^1) > |r/|, 
because |^ — 7y| < i|r/|. Thus we get the bound 



^r]')'^^\r]\ 



< 00 



for 6 > I and |77[ > 1 . 

It remains to prove © in the region Ei. First we consider the case < s < |. 
This implies \a\ > > |. We use again the estimate {^) < {r]){^ — rj) , so that 
it suffices to show 

1 



,^2^|a| 



{rj) dadr] 



{a + vr]\r]\Y\T - cr + - r]Y) 



2\2b 



< 00 . 
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Performing the u-integration as above it remains to bound 



/ 



{rf) dr] 



2b 



(r + ^2)|a| yj (r + ^2 + + _ 2^,^) 

< c([ ^-^ y<c 

using (r + ,f2>)|a| > c^^)2|a| > g^j^^l ^ 

Next we consider the case s > ^ in the region Ei . First of all, consider the 
subregion 1^1 > ||?7| . In this case we get the following bound for ^ performing 
the cr-integration: 



(77) dadrj 



< c 



{v)dv 

{'ny^'iT + ^2 + j^j^l^l + 7^2 _ 2^77)2'' 



< c( f ^-^ y<c 

- \J (r + ^2 + 2r?2-2^7?)26y ' ' 

In the subregion [^| < ||r/| we get the following bound for Q performing the 
cr-integration: 

1 

{r]) dadr] \ 2 



< c 



(cj + z^r/|?7|)2f'(r-(T + (C-J7)2)2fe 



(r + ^2 _^ + 7^2 _ 2^77)26^ 
Substituting r + ^2 _|_ i/r]\r]\ + if — 2^r] = r + ^2 _|_ 2r/2 — 2^r] =: rj' we have 

1^1 = |4r/-2^| = 2(|2r/|-|e|) > 2(|2r/| - ||7?|) = |7?| ~ (77), and we get the bound 

1 



Next we have to prove ((TJ. In the region C it suffices to show 



{71)2 f f {irxcdrdi 



, 1 

2s,, A^rlC \ 2 



(7?)2^ W J (r + C2)2|a|^^_^ + (^_j^)2)2fe 



< 00 . (9) 

The integration with respect to r gives by Lemma 2.5 (2.11) and Holder: 

{e,?'XcdTdi ^^f {i?'xcdi 



{t + e2)2|«l {T-a + iC- r/)2)2b - J {a-r]^ + 2er/)2|«l 



~ \Jm<hv\ J V (a -r?2 + 2^,7)21-1'? ^ 

Choosing i = 2\a\— , i = 1 + 2|a|+ and substituting rj' = a — rf' + 2^7] we get 
the bound 

,'-^ffdrf\7 ^ , ,2.+i-i 



c{r]) 1 = c{r]) 



2s+l-4|a| + 
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Thus we get the following bound for ©: 
because |o| > . 

Next we prove in the region £'2 • Using the estimate < {ri){(, — rj) and 
performing the r-integration it suffices to get a bound on E2 for 

(77) 3 / /■ \ 5 



Substitution of ry' := cr — r/^ + 2//^ and using the definition of E2 we get 

l^'l = 1^-7/2 + 27^^1 = \(r + e)-{T-a + {C-rif)\ 

< |t + C^| + |t-o-+(^-7?)2| <2|o- + z/7?|r/|| 



and thus 



1 



/ /• \% Ja + i^r?|7?|)^-l"l ^ ^ 

~ {cr + i^v\'n\)^y[n'\<'2W+i^ri\v\\W)'^^"'^\'n\/ ~ {a + i^r]\r]\)^ ~ 

It remains to prove (jH)) in the region R^. Using the estimate {ij — C) ^ iOiv) ^nd 
performing the c-integration it is enough to give the following bound in : 

1 ( [ iv) dy f f dT] Y ^ 

The case v = —1 can be treated in the same way by replacing 77 < by 77 > in 
the regions B and C and 7/>0byr/<0inL' and E. 

Moreover the following estimates for the nonlinearities are true (cf. Cor. 
3.3 and Lemma 3.4). 

Proposition 1.2 1. For arbitrary v and s > , 6 > i ; 



kP)a:||^s-^,0 ^ c||n||^a,6 . 



2. For \v\ ^ 1 and s > , 6 > i ; 

\\uv\\ , 1 < c||ti|| v's,6||t;|| , 1 I . 

II ll^a,-^ — II 11^ II llyS-5,6 

These propositions imply by standard arguments the following local existence 
result. 

Theorem 1.1 Let s > in the case = 1, and s >0 in the case \v\ ^ 1 . For 
any {uo,vq) S //^(R) x H^~2 (R) there exists b > ^ and S = SdluoWn" , \\vo\\^s-^) 
> such that the Cauchy problem ^\),^,^ has a unique solution {u,v) G 
Xf X and {u,v) £ C'^{[0,6],H' x H'-^) . 
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Applying the operator I to the system (0) , © , (0 we get the problem 

ildtu + Id'^u = al{uv) (10) 
Idtv + iyI{dMu) = Pld,i\u\^) (11) 
lu{0) = luo , lv{0) = Ivo . (12) 

For this system the following modified local existence result holds: 
Proposition 1.3 Assume 1 > s > 0, i/ [z^| = 1, and s > otherwise. For any 

1 2 

{uq,vq) ^ X H^^^ there exists 6 < 1 and 6 ~ (||/no||//i + H-^^^oll ~ > 
if \u\ = 1 , and 5 ~ (||/uo||//i + \\Ivo\\ i )~^~ , i/ 7^ 1 , such that the sys- 
tern U(J\) .![T1 \) . U^) has a unique local solution in the time interval [0,6] with the 
property 

i.f, + 1 J, < c{\\Iuo\\hi + ||/?;olLi) , 

o 

where h = ^+ . 

Proof: We construct a fixed point of the mapping 5 = (5o,5i) induced by the 
integral equations belonging to the system (fT(l|) . (fTT1) . (|12j) : 

So{Iu,Iv){t) := e'*^-Iuo-i f\'^^-''>^-aI{u{s)v{s))ds 

Jo 

Si{Iu,Iv){t) := e-'''^^^^^^Ivo+ f e-''^'-'^^^^^^^pi{\u{s)W ds . 





The estimates for the nonlinearities in (|1.1|) and ()1.2() carry over to corresponding 
estimates including the /-operators by the interpolation lemma of namely 

11^(^^^^)11x1.-1-1 < 4lu\\xhb\\Iv\\^i,, 
(with |a| = ^-^+ , if W\ = 1, and |a| = j otherwise). This implies 

\\So{Iu, Iv)\\-yi,b < c||/iio||//i + c|a|||Iu|| yi.f, 1 (,(52^'°'^ 



\Si{Iu,Iv)\\ 1, < c||/wo||^i +c|/3|||/u||^i,t,(55^ 



' 5 



This gives the desired bounds, provided 

c5"^-\<'\'{\\Iua\\H. + \\Iv4^.) < 1. 

2 Conservation laws 

Our system has the following conserved quantities: 

M := \\u\\ (13) 
L{u,v) := --^WvW"^ - Q J uu;;:dx (14) 

E{u,v) := WuxW"^ - '^\\DE + a f vlu]"^ dx . (15) 
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From now on, we assume v > and ^ < . 

Then L and E are controlled by and ||u|| i , and vice versa, as one con- 

eludes as follows: 

\L{u,v)\<c\\vf + M\\u^\\ (16) 

and 

\\vf<c{\L\ + M\\u.4). (17) 
Concerning E we have by Gagliardo - Nirenberg 

9 I II II II II 2. II 111 /111 3.11 111 9 II 

\vu \dx < 2 ||nx.|| 2 < c(|Lj 2M2 |[ni.|| 2 + M lln^ll) 

< c{\L\^ + M'^) + e\\u^f 

< c(|L|t +M^) +e||n^||2 



and thus 

consequently 
Similarly 



\^ + \^\\\Divf < \E\ + c{\L\l + M^) + e\\u^f , 

\\u^f + Wolvf < ci\E\ + \L\I + M^) . (18) 



\E\ < c{\\u^f + \\Divf + |L|3 + M^) . (19) 
From (Uni) and ^ we get 

\E\ < c{\\u^f + \\Dlvf + \\v\\l + M^\u^\\^ + M^) 

< ciWu^f + \\Dlvf + \\v\\l +M^). (20) 

From (|17|1 and H18j) we have 

Ibf < c{\L\ + M{\E\^ + + M^)) < c{\L\ + Mj^j^ + + 1) . (21) 

Finally, from H18() and (|21() we arrive at 

||n||^i + \\vf ^ < c{\E\ + \L\I+M^ + 1). (22) 

These estimates imply a-priori-bounds for the //^-norm of u and the i7 2-norm 
of V for data with finite energy E, finite L and finite ||«o|| • This is the case for 
//^-data uq and 2 -data vq. Thus our local existence result implies 

Theorem 2.1 For data {uo,vq) € -ff"*^ x H2 and u > , ^ < there exists 
b> ^ such that (0^,(0), has a unique global solution {u,v) G X"^'^ x Y^'^ with 
{u,v) £ C^(R+,H^ X m) . 

In order to get a corresponding result for less regular data we consider the 
modified functionals E(Iu, Iv) and L{Iu, Iv) . 
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Using the modified system (|10p . an elementary calculation shows 



and 



—2a^'^{IvIu,I{vu) — Ivlu) — 2a'is{Iux, I{vu)x — {Ivlu)x) 
jZh (23) 



L(/n, /u) = -a((/f , (/([up) - (|/np)^) + 25?(/(^;n) - /w/u, lu^)) . (24) 



3 Almost conservation 

Proposition 3.1 // {u,v) is a solution of (0),|^,|0) in [0,5] in the sense of 
Proposition \1JA then the following estimate holds for N >! and s > ;j ; 

\E{Iu{5)Jv{8)) -^(/u(0),/v(0))| + \L{Iu{5)Jv{5)) - L{lu{0), lv{0))\ 



\Iu 



n n^^,„+ 11^1,,+ 11^,,,+ 1 



\Iv\ 



M 1 1 



Proof: Integrating H23|) over t € [0, 5] we have to estimate the various terms 
on the right hand side. We assume w.l.o.g. the Fourier transforms of all the 
functions to be nonnegative. We drop 5 from the notation and Y^'^ . 
Estimate of Ii : We have to show 







miii +6) -m{ii)m{i2 



m(^i)m(6 



\ii + i2\ui{ii,t)%{i2,mz\v{^z.t)didt 



\Ul\\ 1 1 



Here and in the sequel * denotes integration over the set '^i = • We may 

assume > N or |^2| ^ because otherwise the multiplier term vanishes, 

and also the two largest frequencies are equivalent. 

Case 1: 1^1 « |6| ~ 161 , |6| < N , |6| > • 

Using the mean value theorem the multiplier term is estimated by 



+ C2) - m{^2) 



< c 



(Vm)(e2)ei 



"i(6) 



<M<M 

- I&l ~ N 



Thus by use of © the integral is bounded by 



^ ^ 1 6 + 6 1 ^ I ei I (Ci , i ) I ^2 1^(6 , t ) 1 6 1 ^ ^^(6 , t ) d^di 

c i i 

< ■T7\\DHDxUiDxU2)\\l-2 \\DSv\\l2 

_/Y xt xt 

c 

< ir7ll^l|l--i i+N2ll_.i ij-lli'lL.i 1- 



N' 
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Case 2: |£i [ « [f^ ~ , [61, [61 > iV • 

The multiplier is bounded by ^^^^ < c^-^ . Thus we can conclude as in Case 1. 
Case 3: 16! ~ |6I > ciV , 16 +^1 < 2N j^l < c|6|,c|e2|). 
The multiplier is bounded by rra(gi)'m(g2) — "^^^Iv^ • Thus we get the following 
bound for the integral using 



c 

iV2 



J* 



I a I ^ (6 , t ) 1 6 1^(6 , * ) 1 6 + 6 1 5 1 6 1 5 t^(e3 , t ) d^dt 



< -\\DUD,uiD,u^)\\l2JDIv\\li^ 
c 

< TT K*l 1 1-1- K*2 1 1-1- W 1 l-u • 

Case 4: |6| ~ |6| > ciV , 16+61 > 2iV . 
The multiplier is bounded by 

i6r-i6r-^iv'-^ 



m(6 + 6 



+ 1 < c- 



which gives the integral bound 

' 1 6 + 6 n 6 1 '"'nl (6 , i ) 16 1 '"'^(6 , t) 1 6 1^(6 , i ) d^dt 



iVi"'' Jo 
c 

< 



f-5 



|6|nl(6,i)^^^(6,i)iei + 6l^l6l^^?(6,i)f^^^^t 



< ■j^\\DUD.,uiD^u^)\\L2jDiv\\L2^ 



<^ll^l|l^l,i+!l"2||^l,lJ|t^||^l,lH 

Estimate of I4: It is sufficient to show 



r m(6 +6) 

Jo J* "2(6)m,(6) 
<ciV-i||n2||^,,iJ|n3||^,,iJ|«||^i,i^ 



16 + 6 1^(6 , t)MC2, t) 16 1^1(6 , t) didt 



Case 1: |6| « |6l - |6| , |6| > N 16 + 61 - |6|)- 
If 161 < the multiplier is bounded by 



+ 6) - "i(6 



m(6) 



< c 



(Vm)(6)6 



m(6) 

161 



- 161 " JV 



and, if |61 > we have the bound ^^^^^ < , so that the integral is bounded 
by 



c 



J* 



I6II6 + 61^^(6, i)^^(6,t)l6l^(6,t)rfeo!i 



- iv i, yj^il^l^2 + 61^^(6, t)l6l^lS(6,t)l6IW(6,i)^^edt 

< ^||I)|HlL2jli?IPx^X2l?.W)|lL^, 

< ^IK2||^i.i + ||'U3|l^i,i^lhll--i 1- 
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Cage 2: |a| » |6I , 161 ~ 161 , 161 > N 16+61 ~ 161) ■ 

Similarly as in Case 1 the multiplier is bounded by and the integral by 



c 

N 



I 1 16 + 6I^?(6, 0161^(6, t)l6lw(6,i)^^^^^* 

Jo J* 

< ^ /^6 1 ^ ^^(6 , t) 16 1^(6, 16 lw(6, 16 + 6 1 ^ d^dt , 

the same bound as in Case 1, using +61 ^ c|6| = c|6|2|6 + 61^ ■ 
Case 3: j^il ~ |6I > , 16 + 61 < 2A^ • 

The multiplier bound jn(^i)m(^2) — ^^'W'^'W i^pli^s the integral bound 

ciV-2 [ |6ll6ll6 + 6l^?(6,*)^(6,*)l6IW(6,0c!C^^^ 

Jo J* 

< cN-^ f [ 161^16 + 6l^l6|2iVt;(6,t)^IS(6,i)l6|W(6,i)rfecii 

JO J* 

< cN-^\\Dlv\\L2j\DUD^U2D^u^)\y^^ 

< ciV-l||^||yl.l+||«2||^i,l+||u3||^i,l+. 

Caseli lai ~ 161 > , 16 + 61 >2iV. 
The multiplier is bounded by 

m(6 + 6) ^^^^ i6r-i6r-^iv^"^ _^ I6l'-16r-^ 



"j(6M6) ~ A^i-^A^i-^|6+6l^~' Ari-^|6+^2|^-" 

and the integral by 

' / l6 + 6n6r~M6,OI6l'"'^(6,OI6l^(6,0^^^^^i 

J* 

< T-r [ / 161^^^(6,016 + 61^ I6I«5(6, 0161^(6, 
iV ^0 J* 

< cN-^\\dIv\\l2 \\dI{D^U2D^u5)\\l2 

xt xt 

using 16+61161'"' <c|6l = c|6l^l6 +61^ and j^l'"' < . 
Estimate of l2- We have to show 

I m(6 + 6) - ^ ^,|^(^,, ,)^(^,, ,)^(g3, ,)^(^,, ,) ^dt 

Jo J* rn{^i)m[^2) 



4 

<c7v-inikdi^i,,. 



1=1 

r-2 



The multiplier is bounded by c|6||6|iV , if |6|5 161 ^ , and the integral by 

cN-^ / / 161^^(6, 0161^(6, 0(161^^(6, 0^(6, 0+^^(6, *)l6|w(6,0)'^^c^* 



10 J* 
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using 16 + C2I = 16 + 61 ^ 161 + 161 • Strichartz' estimate gives the bound 

ciV"^||Z)j,Ul||^4jlD^-U2|li4^(||£'a;'"3|lL4jk4||L4^ + 11^3 Hi* J| Z?a;'U4 Hi* J 
4 

i=l 

If however |6| > -/V , |6| < , the multipher bound c|6|^~^ similarly gives the 
bound ciV"^ l\i=i ■ 
Estimate of I3: It suffices to show 

r / . ^ ^^i(6,i>t2 6,*)t^3 6,*)^^4(6,0c?Cc?* 

< cA^~"^||wi|| iii||n2|| 1 1 + llfsll 1 ii IIU4II ill. 
— II ^iiy2'7+i* ^iix '3+11 ''iiy3'3+ii ^iix "3+ 

Case 1: |6| > N , 161 > N . 
The multiplier bound 

ci MV (^My =J^il^ + 6 + 61^161^ 



allows to estimate the integral by 

ciV-i f [ |6l^^^(6,i)(6>^^(6,i)(6)^^J(6,i)(6)^^(6,i)d^dt- 
Jo J* 

Using Holder's inequality with exponent 4 and Strichartz' estimate easily gives 
the desired bound. 

Case 2: |^i| > N , 161 < N (or similarly |6| < N , 16| > N). 

The multiplier bound c|6|^^^ < c|6|2|6 +6 + 61^-^""'^ allows to estimate the 

integral by 

civ-i I |6l^^^(6,t)(6)^^(6,i)(6>%(6,t)(6)^W(6,i)d^dt- 

Jo J* 

Similarly as in Case 1 this gives the desired estimate. 

Concerning the estimate for L we remark that the first term on the right 
hand side of ()24|) can be handled like Ii and the second term like (with one 
derivative less). This completes the proof. 

4 Global existence 

One easily checks 



and also for < s < ^ : 



Trivially one has 



\\Inu\\hi < cN' "||n||^ 



\Inv\\l2 < cN2 . 



\\Inu\\l2 < c\\u\ 



L2 
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and also 

by Mikhlin's multiplier theorem. This implies immediately for 1 > s > ^ : 

\EilNU,lNv)\ < ciWlNU^f + WDilNvf + \\Inv\\l2\\Inu\\14) 



< c 



and 



\L{Inu,Inv)\ < cdllNvW"^ + \\Inu\\\\InUx 
< c{\\vf + \\u\\N^-'\\u\\jj, 

Similarly, for < s < ^ we get 



\E{Inu,Inv)\ < c 



I nffs II Ujjs-^J II Ujjs 2 II I 



L4 



and 



\L{Inu,Inv)\ < c(iV2(5-«)||„||2 + \\u\\N^- 

H ^ 



\U\ 



We note that our system has a scaling invariance, i.e. if (u, v) is a solution, then 
also 

for A > , as one easily checks. Then 

_3,, ,X 



and 



,W I 



i')||^.=A-iK(^)|lH»=cA-(^+^)||no||^. 



A-2|K(T)IU.-i =cA-(^+^)||^;olU.„i (for.> ^) 



as well as 



(A), 



L'i=cX 4||uo||l4, ||i;^^^||^2 = cA 2||i;o||l2, ||4^^||i2=cA ^||«o||l2 



(A) I 



We also need 

Lemma 4.1 For s < i and A > 1 i/ie following estimate holds: 



1 <cA-(^+^)||.;o||^.-i. 



Proof: 



i = A-^||^;o(T)IL.-i=A-'||(Cr^^^o(T)lb 



^0 II 



= A-^||(0^-^i^(A0l|L2=A-if| 



A^ 



drj 



< cA"2 



l'?l<i 



\vo(.v)\d7]] + 









. Nil 


{/\ri\>l 


V 
A 


fo(r/) 


dr]\ 







< cA-i(l + A-(-i))|K||^._i < cA-(^+^)||^;o||^._l. 
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This implies the fohowing bounds for the modified functionals E and L for 
A > 1 : 

a) In the case 1 > s > ^ we get 

\EiI^ui'\l^vi'^)\ < c(iV2(i-)(||nW||^. + U'^Wl^,.) + 

< c(iV2(i-)A-^(^+i)(||^o|lH. + lboll^._i)' + A'^||no||i4|kof) 

Thus 
Similarly 

\L{lNui''\lNvi^^)\ < c{X-^vof + X-'\\uo\\N'-'X-'^'+'^\\uo\\Hs) 

< cN'-'X-^'+'\\\vof + \\uo\\\\uoUs) 

< coiVi-A-(«+i)(l + WuoWhs + Iboll^.-i 

b) In the case j < s < | we get by Lemma 14.11 : 

\E{lN4'\lMvi,^^)\ 

<c[N'('-^^X-'(^+'H\\uoUs + \\vo\\^..rf + m-^X-^^+^^ 
< cgiV2(i-)A-^(^+i)(l + ll^olk^ + Ikoll^.-i )^ 

using the embedding H'^ C L'^ for s > ^ . 
Moreover we crudely estimate 

< c(iV2(l-)A-2(«+i)|bo||^,_i +A-ino||iVi-A-(^+^)||no||^.) 

< coiVi-A-(^'+i)(l + ||^o||^._i +||nokO'- 

Now assume >> 1 is given (to be chosen later), we choose A = A(A^, ||no||_f/'', 
ll^^oll^.-i ) as follows: 

A = TVTff (4co)^(l + Iboll^.-i + \\uo\\h^)^ , 

so that \E{Ij\[Uq'\ InVq^^)\ < ^ and |L(/7v^o''*^ -^^^o^^)l — i • Such a bound 
implies by (|22|) the following estimate for the scaled initial data: 

< c\\E{Ir,ui^\lNvi^^)\ + \L{lNui^\lNvi^^)\l + ^^^^^^ (25) 

< c'{2 + \\no\\h), 
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because H/atUo ||l2 < Huq ||^2 = IjuoHia < HuoIIl^ for A > 1 . Thus the local 
existence theorem Proposition 11.81 gives a solution on a time interval of length 
5 = 5{\\uo Wi'z) and 

||W^)||^i,fc + \\Inv^^^ W^i^, < cc(2 + hollia)^ . (26) 

Thus Proposition 13.11 shows 

|i?(W^)(5),/^7;W(5))| + |L(W^)(5),I^^;W(J))| 
< CN-^ + \E{lNui^\lNvi''^)\ + |L(/7v4^\/7v4^))| 

where C = C(||tio|lL2) . We choose N large enough, so that 

\E{Ir,n(^HS)JNV^'^H6))\ + \L{Imu(>^\6)Jnv^^\6))\ < 1 

and such that we can reapply the local existence theorem with time intervals of 
equal length (remark that ||uo||l2 is conserved) A^^~ times before the size of 
\E{Inu^^\5),Inv^^\S))\ + \L{Inu^^\5),Inv^^\6))\ reaches 1 . During the whole 
iteration process the bounds for the iterated solutions on the right hand side of 
(|25() and H26() can be chosen uniformly. Now, given any finite time T we are able 
to get a solution in this way on [0, T] , provided N^^6\^^ = T , taking the scaling 

2(l-s) 

into account. Using the definition of A above, this means that iV 6N 1+" =T. 
This can be fulfilled for a sufficiently large N , provided 1 > "^^^^^^ *^=^ 1 + s > 
2(l-s) ^s>i . 

Thus we have proven the following global existence result: 

Theorem 4.1 For 1 > s > ^ and {uq,vo) € x H^~2 there exists b > ^ 
such that the Cauchy problem 0^,1^,(0^ has a unique global solution {u,v) G 
Xs,b X y^-i^ with {u,v) G Cj^^^(R+,H' x H'-^) . 

It is also possible to show that this global solution grows at most polynomially 
in t. The procedure above namely shows 

\E{Inu^^\n^-6),Inv'^^\n'^-5))\ + \E{Inu'^^\n'^-5),Inv^^\n^-S))\ < 1. 

This implies by (|22() : 

\\lNU^^HN^'6)\\l, + \\lNV^^\N^-6)f 1 <c(l + ||W^)(iVi-<5)||i2) 

<c(l + ||nW(iVi-5)||i.)<c(l + ||4'^|li2) 
<c(l + A-^||txolli2) <c(l + |Ino||i2) 

for A > 1 . Thus we get 

\\u^^\n'-5)\\h^ + \\v^^\n'-5)\\^,_i < c. 

But now 

hW(7Vi-5)||H= =A-i||u(^,r)||j,. >cA-(i+^)||n(r)||H« 
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and similarly for s > ^ : 



whereas for s < | : 

Because A ~ and T ~ N^-\-'^ ~ N^- N~^^^ = , thus N ~ 

Ts"-! , we get A ~ Tss-i , so that we have proven 

Theorem 4.2 T/ie global solution of Theorem \41\ fulfills for t € R / 
IkWIli?" < c(l + t S'*-! +) /or l>s> 



3 



and 



(3 + l)(l-3) 1 

< 0(1+ 1 3.-1 +) /or l>s>-, 

§(!-'') , 1 1 

IbWII^.-i < c(l + i3.-i+) /or 2>^>3- 
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